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We analyze quantum entanglement of Stokes light and atomi eletroni polarization exited
during single-pass, linear-regime, stimulated Raman sattering in terms of optial wave-paket modes
and atomi-ensemble spatial modes. The output of this proess is onrmed to be deomposable
into multiple disrete, bosoni mode pairs, eah pair undergoing independent evolution into a two-
mode squeezed state. For this we extend the Bloh-Messiah redution theorem, previously known
for disrete linear systems (S. L. Braunstein, Phys. Rev. A, vol. 71, p. 055801, 2005). We present
typial mode funtions in the ase of one-dimensional sattering in an atomi vapor. We nd that in
the absene of dispersion, one mode pair dominates the proess, leading to a simple interpretation
of entanglement in this ontinuous-variable system. However, many mode pairs are exited in the
presene of dispersion-indued temporal walko of the Stokes, as witnessed by the photon-ount
statistis. We also onsider the readout of the stored atomi polarization using the anti-Stokes
sattering proess. We prove that the readout proess an also be deomposed into multiple mode
pairs, eah pair undergoing independent evolution analogous to a beam-splitter transformation. We
show that this proess an have unit eieny under realisti experimental onditions. The shape
of the output light wave paket an be predited. In ase of unit readout eieny it ontains only
exitations originating from a speied atomi exitation mode.
PACS numbers: 42.65.Dr,42.50.Ct,42.50.Dv,03.67.Mn
I. INTRODUCTION
Eient entanglement generation, distribution and
storage are the basi requirements for development of
suessful quantum information tehnologies, inluding
proposals for realizing quantum information networks
[1, 2℄. They omprise entanglement generation by Raman
sattering, storage in olletive polarization of atomi
ensembles and release by anti-Stokes Raman sattering.
Suh a network an be used, among other things, for
a quantum ryptography [3℄ and quantum teleportation
[4℄. Those protools deal with spin or polarization en-
tanglement. Another important possibility is the entan-
glement of ontinuous variables, suh as light quadrature
amplitudes or moleular vibrational oordinates. Stokes
Raman sattering [5, 6℄ generates entanglement between
light and atoms, and this in turn an be used for entan-
gling distant atomi ensembles [7, 8, 9℄. Suh an entan-
glement an be exploited for ontinuous-variable quan-
tum ryptography [10℄ or teleportation [11℄. In the Stokes
or anti-Stokes onguration, Raman sattering an be
used for transferring a quantum state of light to atoms
or vie versa [12, 13, 14, 15℄. Already early works demon-
strated phase memory of atomi polarization indued by
Raman sattering and its robustness against deoherene
[16℄, thus a Raman medium oers the possibility to real-
ize long-lived ontinuous-variable quantum memory.
Parallel to Raman sattering tehniques, the phe-
nomenon of Eletromagnetially Indued Transpareny
(EIT) is being extensively studied. In this ompletely
resonant situation, weak probe light an be slowed down
and stopped in a form of loalized atomi polarization by
ontrolling a strong pump [17, 18, 19℄. In this form of a
quantum memory [20℄, the light bandwidth is narrower,
ompared to the o-resonant Raman interation, due to
the resonant harater of this phenomenon [1℄.
In this paper we fous on the preise quantum de-
sription of the generation of entanglement between light
and an atomi ensemble by spontaneous and stimulated
Stokes Raman sattering, followed by the readout of the
atomi polarization state onto an anti-Stokes eld, as de-
pited in Fig 1 and 2. Following Raymer [9℄, we will use
an input-output formalism to desribe these interations.
As was already onjetured there and proved approxi-
mately by numerial means, the Raman sattering pro-
ess an be deomposed into a disrete set of two-mode
entanglement proesses. Eah proess is desribed by
a Bogoliubov two-mode squeezing transformation, whih
linearly mixes photon annihilation and reation opera-
tors. Eah elementary proess squeezes the phase sum
of exitation amplitudes of optial and atomi-ensemble
olletive bosoni modes. Below we shall present a proof
of this deomposition, an extension of the Bloh-Messiah
redution [21℄, and demonstrate that it is appliable as
long as the input-output relations are linear relations,
involving mixing reation and annihilation operators.
We also onsider the readout of the stored atomi po-
larization using the anti-Stokes sattering proess. We
prove that the readout proess an also be deomposed
into multiple mode pairs, eah pair undergoing indepen-
2dent evolution analogous to a beam-splitter transforma-
tion. For this, we derive a anonial form of an all-linear
unitary transforation ating on a bipartite system.
Throughout this paper we keep in mind the idea of an
experiment with Raman sattering in a thermal vapor of
87
Rb, pumped by highly detuned, sub-nanoseond laser
pulses. Our idealization omprises negleting the inu-
ene of sidewards spontaneous emission, as well as atomi
polarization damping, atom loss and density utua-
tions. We will also restrit ourselves to a one-dimensional
model, whih is justied approximately in the ase when
the Fresnel number of the pump beam equals unity or
less [6℄. However, we will inlude the eets of dispersion
in the vapor, whih introdues appreiable group-veloity
dierene between the pump and sattered wave under
realisti experimental onditions. We nd that disper-
sion signiantly inreases the number of independent
modes exited in the Raman sattering proess, sine
the Stokes photons born in dierent parts of the medium
beome distinguishable by their delay respetive to the
pump pulse. Dispersion also an redue the eieny of
the readout proess.
Our work stems from early studies of stimulated Ra-
man sattering [5, 6, 22℄, and we adopt the formalism
of these works. We will also draw from early results
on quantum energy [23, 24℄ and phase [25℄ statistis of
Stokes pulses.
In Se. II we give theoretial foundations of the deom-
position used to analyze the struture of squeezing gener-
ated in the Stokes sattering proess. The spei ase of
pulsed pump elds and nonzero dispersion, whih needs
to be solved numerially, is addressed in Se. III. The
onsequenes of the multimode harater of the output
eld for photon-ount statistis are studied in Se. IV.
The problem of reading out of the atomi polarization
by anti-Stokes sattering is disussed in Se. V.
FIG. 1: Relevant atomi levels in the Stokes and anti-Stokes
(right panel) Raman sattering. Initially atoms reside in state
|1〉. During the rst sattering proess (left panel) they are
driven by strong pump eld at a frequeny ωp, whih reates
Stokes optial eld aˆ at a frequeny ωs and atomi polariza-
tion bˆ. Subsequently, the atoms are subjeted to a strong eld
at a frequeny ωp′ whih erases atomi polarization we will
denote by dˆ shifting the exitation into anti-Stokes optial
eld cˆ at a frequeny ωa (right panel).
FIG. 2: Pitorial representation of the Stokes and subsequent
anti-Stokes sattering proesses (see Se. V) in the labora-
tory referene frame. The vertial stripe represents the ell in
whih the nonlinear medium is ontained, the shaded paral-
lelograms are the spatio-temporal interation boundaries, the
grey (green in olor) stripe represents Stokes pump eld enve-
lope Ap(z, t), while the dark grey (red) stripe represents anti-
Stokes pump eld envelope A′p(z, t). Letters with hats are
the annihilation operators of the input and output quantum
elds, dened at the respetive boundaries of the interation
regions.
II. PAIR-WISE ENTANGLEMENT OPERATION
We begin developing our model by idealizing the pro-
ess of stimulated Raman sattering as a three-wave mix-
ing and restriting ourselves to one dimension [5℄. This
is justied provided that atomi saturation and pump
eld depletion an be negleted while the pump Rayleigh
range is omparable to or shorter than the medium length
[6℄.
We formulate the equations in the moving referene
frame of the Stokes wave
t = t
LAB
− z − L/2
v
gr,s
(1)
where t
LAB
is the time in the laboratory frame, v
gr,s
is the Stokes group veloity, while L is the medium
length. Aording to the above expression, the labo-
ratory and Stokes referene frames meet in the middle
3of the medium. Atomi polarization (or spin [1℄) is de-
sribed by an operator bˆ(z, t) whih removes one atom's
worth of internal exitation from the atomi ensemble
loalized in a thin-slie volume around a point in spae-
time in the medium [9℄:
bˆ(z, t) = i
ρ1/2
n
∑
{α}z
|1α〉〈3α| ei(ωp−ωs)tLAB−i(kp−ks)z (2)
where ρ is linear atom density (atoms per mm), n is the
number of atoms in a slie, indexed by α, |1〉 and |3〉 de-
note the Raman-oupled atomi levels, ωp and ωs are the
pump and Stokes angular frequenies, while kp and ks are
their wavevetors (see Fig. 1). As long as the fration of
exited atoms is small, bˆ(z, t) is approximately a bosoni
operator, [bˆ(z, t), bˆ(z′, t)†] ≈ δ(z − z′). The Stokes eld
is desribed by an envelope annihilation operator at eah
point in spae along the pump beam aˆ(z, t):
aˆ(z, t) =
∫
dω e−i(ω−ωs)tLAB+ikszaˆ(z, ω). (3)
It is a bosoni operator, [aˆ(z, t), aˆ(z, t′)†] = δ(t− t′). Fi-
nally, the pump eld is given by its envelope Ap(z, t) in
the referene frame of the Stokes pulse, saled to unity,
dened by
Ep(t− (z − L/2)∆β)
Ep,max
= Ap(z, t)e
−iωpt+ikpz + .. (4)
where Ep(t) is the pump eletri eld while ∆β is the
dierene of the inverse group veloities of the pump and
Stokes pulses (measured in pioseonds per milimeter)
∆β =
1
v
gr,s
− 1
v
gr,p
(5)
where v
gr,p
is the pump group veloity. If the Stokes eld
is faster than the pump, then ∆β is negative.
Using these denitions, the Raman sattering proess
is ast into the following pair of oupled equations [5, 9℄:
∂aˆ(z, t)
∂z
= g0Ap(z, t) bˆ
†(z, t) (6a)
∂bˆ(z, t)
∂t
= g0Ap(z, t) aˆ
†(z, t) (6b)
where g0 is the oupling onstant (measured in
(mmps)−1/2) dened as:
g0 = ρ
1/2
√
h¯ωs
2ε0c
Ep,maxκ1 (7)
where S is the pump beam ross-setion while κ1 is a
oupling onstant dened in [5℄. Sine the pump and
Stokes pulses are narrowband, higher order dispersion
eets, possibly distorting the pulses, an be negleted.
On the other hand, in the atomi vapor one nds that
z
t
FIG. 3: Pitorial representation of the Stokes sattering pro-
ess in the Stokes referene frame, dened in Eq. (1). The
medium entangles light eld aˆ with atoms bˆ. The loal entan-
glement amplitude inreases with a (xed) loal pump eld
strength Ap(z, t), represented in the piture by a grey (green
in olor) stripe. Horizontal stripe orresponds to equal group
veloities of pump and Stokes, ∆β = 0.
the frequeny dierene between the interating waves is
large enough for signiant group veloity dierenes to
be observed. A typial subnanoseond pump pulse an
be delayed by several times its duration with respet to
the Stokes pulse, thus the presene of nonzero∆β annot
be negleted [26℄.
We proeed with solving Eq. (6) by integrating over
a nite spatial-temporal region in whih the interation
takes plae, thus formulating the problem as a quan-
tum sattering problem. This approah, pitorially rep-
resented in Fig. 3 requires introdution of a suitable sat-
tering matrix, whih in the ase of Stokes sattering is
omposed of the Green funtions of Eq. (6). We hoose
to introdue them over a spae-time region 0 < z < L
and −T < t < T , in the following way:
aˆ(L, t) =
∫ T
−T
dt′Ca(t, t
′)aˆ(0, t′)
+
∫ L
0
dz′Sa(t, z
′)bˆ†(z′,−T ) (8a)
bˆ(z, T ) =
∫ L
0
dz′Cb(z, z
′)bˆ(z′,−T )
+
∫ T
−T
dt′Sb(z, t
′)aˆ†(0, t′) (8b)
We an simplify the above input-output relations us-
ing an extended Bloh-Messiah redution theorem [21℄,
whih we derive in the Appendix A. This theorem states
that sine the Green funtions for this problem must
desribe a unitary operator transformation, they pos-
sess ommon singular vetors and related singular values
4cosh ζn and sinh ζn:
Ca(t, t
′) =
∑
n
cosh ζn · ψ(out)∗n (t)ψ(in)n (t′) (9a)
Cb(z, z
′) =
∑
n
cosh ζn · φ(out)∗n (z)φ(in)n (z′) (9b)
Sa(t, z
′) =
∑
n
sinh ζn · ψ(out)∗n (t)φ(in)∗n (z′) (9)
Sb(z, t
′) =
∑
n
sinh ζn · φ(out)∗n (z)ψ(in)∗n (t′), (9d)
where ζn are real numbers while ψ
(out)
n (t), φ
(out)
n (z),
ψ
(in)
n (t) and φ
(in)
n (z) are omplex-valued funtions whih
form separate orthonormal bases for the output and in-
put, light and atomi mode-funtion spaes respetively
[32℄: ∫ T
−T
dt ψ(in)∗n (t) · ψ(in)m (t) = δn,m∫ L
0
dz φ(in)∗n (z) · φ(in)m (z) = δn,m∫ T
−T
dt ψ(out)∗n (t) · ψ(out)m (t) = δn,m∫ L
0
dz φ(out)∗n (z) · φ(out)m (z) = δn,m.
(10)
We insert the Green funtions in the form given in Eq. (9)
into Eq. (8). Then we express input and output eld an-
nihilation operators aˆ(0, t), bˆ(z,−T ) by mode expansions
and dene output operators aˆ(L, t) and bˆ(z, T ) analo-
gously
aˆ(0, t) =
∑
n
aˆ(in)n ψ
(in)∗
n (t)
aˆ(L, t) =
∑
n
aˆ(out)n ψ
(out)∗
n (t)
bˆ(z,−T ) =
∑
n
bˆ(in)n φ
(in)∗
n (z)
bˆ(z, T ) =
∑
n
bˆ(out)n φ
(out)∗
n (z),
(11)
where we have introdued operators aˆ
(in)
n , aˆ
(out)
n , bˆ
(in)
n
and bˆ
(out)
n . Thanks to orthonormality of the respetive
mode funtions expressed in Eq. (10), these operators
obey anonial ommutational relations:
[aˆ(out)n , aˆ
(out)†
m ] = δnm [bˆ
(out)
n , bˆ
(out)†
m ] = δnm (12)
and the operators with supersript (in) obey analogous
ommutational relations. Therefore aˆ
(in)
n , aˆ
(out)
n , bˆ
(in)
n
and bˆ
(out)
n are bosoni operators, whih annihilate exita-
tions in respetive light and atomi modes. Using Eq. (9),
(10) and (11), Eq. (8) an be ast into the following form:
aˆ(out)n = aˆ
(in)
n cosh ζn + bˆ
(in)†
n sinh ζn (13a)
bˆ(out)n = bˆ
(in)
n cosh ζn + aˆ
(in)†
n sinh ζn. (13b)
This expresses independent two-mode squeezing pro-
esses, and is the main result of this part of our study.
Eah of these elementary proesses squeezes the opti-
al eld in a partiular temporal mode ψ
(in)
n (t) with the
atomi polarization in a partiular longitudinal spatial
mode φ
(in)
n (z), produing elds in optial temporal modes
ψ
(out)
n (t) that are pair-wise entangled with the internal
states of atoms desribed by olletive spatial modes
φ
(out)
n (z). The squeezing parameter equals ζn. The noise
in the sum and dierene of quadratures sales by a fator
of exp(ζn), orresponding to the mean number of exita-
tions 〈nˆn〉 = 〈aˆ(out)†n aˆ(out)n 〉 = 〈bˆ(out)†n bˆ(out)n 〉 = sinh2 ζn.
Note that for a pump pulse of a given shape, hara-
terized by duration τp, for instane Gaussian:
Ap(z, t) = exp
[
−2 ln 2
(
t− (z − L/2)∆β
τp
)2]
, (14)
the time and spae in equations (6) an be redued
to a dimensionless oordinates by measuring time in
units of pump pulse duration τp and spae in units
of distane over whih temporal Stokes walk-o equals
pump duration τp/∆β. This way the pump envelope
Ap(∆βz/τp, t/τp) beomes a xed funtion. Note that
for T ≫ τp the Green funtions do not depend on T
sine there is no longer any interation taking plae for
large t. Thus the Green funtions dened in Eq. (8) an
depend only on medium length, oupling strength, and
pulse shape. Both an be brought into a form of two
dimensionless parameters:
∆ =
L∆β
τp
(15a)
Γ = g0
√
Lτp . (15b)
The rst is the temporal walko between pump and
Stokes eld, measured in pump pulse durations, while
the seond measures the squeezing strength and is pro-
portional to the squeezing parameter in the ase of zero
dispersion [5, 9℄. Therefore there is a ongruene be-
tween the solutions and mode funtions for the Stokes
sattering problem, as long as the pump pulse shapes are
ongruent and the values of the parameters Γ and ∆ are
the same.
Finally, let us note that the harateristi output
modes ψ
(out)
n (t) and φ
(out)
n (t) we obtained with the help of
the Bloh-Messiah redution are idential to previously
obtained atomi and eld oherene modes [6, 9, 27℄.
The latter were introdued as the eigenmodes of the rst-
order oherene funtions for atoms 〈bˆ(z, T )bˆ†(z′, T )〉 and
eld 〈aˆ(L, t)aˆ†(L, t′)〉. Calulating these funtions expli-
5itly using equations (9) we obtain:
〈aˆ(L, t)aˆ†(L, t′)〉 =
∫ L
0
dz′Sa(t, z
′)S∗a(t
′, z′)
=
∑
n
〈nˆn〉ψ(out)∗n (t)ψ(out)n (t′) (16)
〈bˆ(z, T )bˆ†(z′, T )〉 =
∫ T
−T
dt′Sb(z, t
′)S∗b (z
′, t′)
=
∑
n
〈nˆn〉φ(out)∗n (t)φ(out)n (t′) (17)
as in [6, 9℄. In [9℄ also the harateristi input modes
were introdued as those evolving into a partiular pair
of output modes, whih is another way of obtaining the
deomposition given in Eq. (9).
III. NUMERICAL RESULTS
To illustrate the meaning of the above results and pro-
vide the deomposition into independent entanglement
proesses in some spei and realisti ases, we have
numerially found Green funtions dened in Eq. (8).
Calulations were arried out for a medium of length
L = 75mm for various values of group veloity dier-
ene ∆β, oupling strength g0 and Gaussian pump pulse
of FWHM duration τp = 200 ps as dened in Eq. (14).
As the equations of motion (6) are linear, they are iden-
tial to the lassial equations for evolution of the Stokes
eld and the atomi polarization in the ase of stimulated
Raman sattering, in whih annihilation operators aˆ(z, t)
and bˆ(z, t) are replaed by lassial eld α(z, t) and po-
larization amplitudes β(z, t). Therefore we an ompute
matrix approximations to the Green funtions Ca(t, t
′),
Cb(z, z
′), Sa(t, z
′) and Sb(z, t
′) using standard methods
developed in nonlinear optis. To aomplish this, equa-
tions (6) were solved numerially for a omplete orthonor-
mal set of initial onditions. First we put α(0, t) = 0 for
every t exept for a single point on a omputational grid
t = t′ where α(0, t′) = 1, and β(z,−T ) = 0 for every z.
Performing nite integration steps over the spae-time
grid of 200×200 points where the interation ours, we
omputed α(L, t) and β(z, T ). For the initial onditions
hosen, they are equal to Ca(t, t
′) and Sb(z, t
′), respe-
tively. Repeating this alulation for eah t′, we on-
struted a matrix approximation of these Green fun-
tions. Then analogously starting from α(0, t) = 0, and
β(z,−T ) = 0 exept for a single point on a omputational
grid where β(z′,−T ) = 1, we have onstruted Cb(z, z′),
Sa(t, z
′). Next we numerially performed the singular
value deomposition [28℄ of these matries to obtain the
singular values sinh ζn and cosh ζn as well as assoiated
vetors ψ
(in)
n (t), φ
(in)
n (t), ψ
(out)
n (t) and φ
(out)
n (t) as de-
ned in Eq. (9). We have veried that our simulation is
aurate by repeating it on a grid two times ner in eah
dimension. The dierenes between the results were of
0 0.05 0.1 0.15
100
102
104
106
〈 N
to
t 〉
g0
FIG. 4: Mean number of Stokes photons as a funtion of ou-
pling strength g0 [(mm ps)
−1/2
℄. Three lines are the results of
omputations for dierent∆β equal 0 (solid line), −10ps/mm
(dashed line) and −30 ps/mm (dotted line).
the order of preision with whih singular value deom-
position an be omputed. We have also veried that our
numerial alulation reonstruts the analytial results
for square pump pulse without dispersion [9℄.
Numerial alulations onrm that the total number
of photons
〈N
tot
〉 =
∑
n
〈nˆn〉 =
∑
n
sinh2 ζn. (18)
is, to a good approximation, an exponential funtion of
oupling g0, within the range plotted in Fig. 4. However,
we nd a strong dependene of 〈N
tot
〉 on the group velo-
ity dierene between pump and Stokes pulses ∆β. With
inreasing∆β the total photon number 〈N
tot
〉 quikly de-
reases. Using results displayed in Fig. 4 we have found,
for eah ∆β, the value of oupling g0 for whih the total
number of photons equals 〈N
tot
〉 = 106. These values of
oupling g0 will be used in the following examples.
In Fig. 5 we plot the mean number of photons in eah
mode 〈nˆn〉 = sinh2 ζn. In the ase of no dispersion
∆β = 0, the oupation of the rst mode dominates
by a fator of 103 over the next, as known previously
[23, 24℄. Strong domination, however, quikly omes to
an end with inreasing dispersion. For ∆β = −30 ps/mm
more than a dozen modes have oupany equal within
an order of magnitude.
The physial reason behind this result an be traed in
Fig. 6, where we depit a spae-time region where the in-
teration ours. We mark the pumped area as the dark
grey (green) region. In the ase of zero group veloity
dierene, ∆β = 0, the rst few Stokes photons propa-
gate through the pumped region, stimulating subsequent
sattering ats and induing oherene between atomi
polarization in various regions along the ell. The pro-
ess is almost single mode [9, 24℄. On the other hand,
in the ase of high group veloity dierene, the spatial-
temporal interation region an be divided into several
6〈nˆn〉
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FIG. 5: Mean number of photons in eah of harateristi out-
put modes 〈nˆn〉 for 15 most-oupied modes. The histograms
has been made for oupling yielding average total number of
Stokes photons 〈N
tot
〉 = 106 for dierent ∆β equal 0 (blak
bar), −10ps/mm (grey bars) and −30ps/mm (empty bars).
FIG. 6: Pitorial representation of the Stokes sattering for
zero group veloity dierene ∆β (left) and large negative
∆β ≪ −τp/L (right). The grey box represents the spatio-
temporal region of interation, the dark grey (green in olor)
stripe is the pumped region, the horizontal (red) arrows are
the Stokes emission, while the vertial (blue) arrows represent
atomi polarization. The piture has been drawn in the Stokes
referene frame.
regions, the number of suh regions being roughly the
ratio of the total temporal walko to the pump duration
∆ = L∆β/τp. These regions are weakly oupled, sine
the photons sattered in the distint parts of the ell do
not have a hane to meet eah other. Thus several un-
orrelated temporal modes take part in the proess and
beome signiantly oupied.
This latter phenomenon ompliates the possible appli-
ations. For nonzero dispersion one must aord means,
suh as for example balaned homodyne detetion, for
separating distint output modes in order to extrat a
pure squeezed state of light and matter. Whether in the
single or multimode squeezing regime, an eient dete-
tion of Stokes light is neessary for quantum ommuni-
ation and omputation. This is possible by means of
balaned homodyne detetion using a loal osillator in
the shape of the harateristi Stokes mode. In Fig. 7 we
plot the temporal shape of the most oupied output eld
modes for the Gaussian pump entered at t = 0 dened
in (14). The dominant mode has a single peak, whih
is time delayed relative to pump peak [27℄. The modes
resemble in shape the eigenmodes of a harmoni osilla-
tor. They are also strongly aeted by the group veloity
dierene. With inreasing ∆β, the duration of the fun-
damental mode inreases while the time delay relative to
the pump pulse in the middle of the medium dereases.
Also for large ∆β all the harateristi modes have sig-
niant intensity over the same period of time, spanning
approximately one pump duration plus temporal walko
between pump and the Stokes τp + L∆β = τp(1 + ∆).
Note that in the limit of zero dispersion, ∆β = 0, the
Green funtions alulated numerially an be found in a
losed form using Laplae-transform tehniques [5℄, even
for the full three-dimensional ase [6℄. The results pre-
sented here for zero dispersion are reovered by applying
numerial diagonalization diretly to those funtions [9℄.
Finally let us note that the output harateristi modes
an be used to reonstrut the statistis of utuating
Stokes pulse shapes [27℄.
IV. PHOTON COUNT STATISTICS
Using the results of numerial alulations, we were
able to ompute the photon-ount statistis for the Stokes
pulse. Let us reall that one mode of the pair ompris-
ing a two-mode squeezed state exhibits thermal statis-
tis. This is the ase of any partiular output eld mode
ψ
(out)
n (t) by itself. Also, eah of the output eld modes is
independent, sine they evolve separately from vauum.
Thus the Stokes pulse has multimode thermal statistis
[24℄:
p(n) =
1
2π
∫
dk
e−ikn∏
n(1− ik〈nˆn〉)
(19)
We plot p(n) in Fig. 8 for total photon number 〈N
tot
〉 =
106 and various values of group veloity dierene ∆β.
Following the analogy with thermal light, we have also
omputed and plot in Fig. 9 the equivalent number of
modes M. It is dened as a number of independent
thermal modes of equal intensity that measured together
reprodue the Stokes utuation-to-mean ratio:
M = 〈Ntot〉
2∑
n〈nˆn〉2.
(20)
As an be seen in Fig. 9, the equivalent mode numberM
depends mostly on ∆β, whih is almost independent of
oupling strength g0. This is onsistent with the intuitive
way of understanding Stokes sattering we propose in
Fig. 6.
V. ATOMIC POLARIZATION READOUT
As shown in Setion II, the optial Stokes pulse on-
tains only one part of the squeezed state. Alone it has
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FIG. 7: Optial ψ
(out)
n (t) and atomi φ
(out)
n (t) output mode funtions for three most exited modes, n = 1 (solid line), n = 2
(dashed line) and n = 3 (dotted line) for various group veloity dierenes ∆β.
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FIG. 8: Photon ount probability distribution p(n) of Stokes
light pulses. Three lines are the results of omputations for
dierent ∆β equal 0 (solid line), −10ps/mm (dashed line)
and −30 ps/mm (dotted line).
thermal statistis and possesses no distint quantum fea-
tures. Entanglement an be observed only if the eld
ounterpart  the atomi polarization  is ated upon.
A onvenient to way proess the atomi bˆ(z) eld is to
translate its statistis into the optial eld. This is done
in the anti-Stokes sattering proess, during whih a por-
tion of atomi polarization gives rise to an anti-Stokes
pulse. The equations governing this proess are similar
0 0.05 0.1 0.15
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FIG. 9: Equivalent number of independent thermal modesM
as a funtion of oupling strength g0 [(mm ps)
−1/2
℄. Three
lines are the results of omputations for dierent ∆β equal 0
(solid line), −10 ps/mm (dashed line) and −30ps/mm (dotted
line).
to Eqs. (6) in the anti-Stokes referene frame [9℄:
∂cˆ(z, t)
∂z
= g′0A
′
p(z, t)dˆ(z, t) (21a)
∂dˆ(z, t)
∂t
= −g′∗0 A′∗p (z, t)cˆ(z, t) (21b)
where cˆ(z, t) is the anti-Stokes eld annihilation opera-
tor, dened by an equation analogous to (3), dˆ(z, t) is
the atomi polarization operator, dened by an equation
analogous to (2), g′0 is the readout oupling dened anal-
ogously to (7), while A′p(z, t) is the readout pump eld
8envelope. The denition of the A′p(z, t) is analogous to
that of the Stokes pump eld envelope Ap(z, t) given in
Eq. (4), but with a dierent peak amplitude and a dif-
ferent group veloity dierene, whih we will designate
by ∆β′:
∆β′ =
1
v
gr,a
− 1
v
gr,p
(22)
where v
gr,a
is the group veloity of the anti-Stokes wave,
while v
gr,p
is the group veloity of the readout pump.
Again, we formulate the readout problem as a quan-
tum sattering problem, analogously to the situation il-
lustrated in Fig. 3. This time the sattering matrix is
omposed of four Green funtions for the anti-Stokes
sattering equations (21). We dene them analogously
to those dened in Eq. (8) for the Stokes sattering:
cˆ(L, t) =
∫ T
−T
dt′Cc(t, t
′)cˆ(0, t′)
+
∫ L
0
dz′Sc(t, z
′)dˆ(z′,−T ) (23a)
dˆ(z, T ) =
∫ L
0
dz′Cd(z, z
′)dˆ(z′,−T )
−
∫ T
−T
dt′Sd(z, t
′)cˆ(0, t′) (23b)
Here cˆ(0, t) is the optial eld operator (usually repre-
senting the vauum) entering the vapor during readout,
and dˆ(z,−T ) is the atomi ensemble operator just prior
to the readout.
We an ast these relations into multiple, independent
beamsplitter transformations (see Appendix B). Sine
the Green funtions for this problem must desribe a uni-
tary transformation, they possess ommon singular ve-
tors and related singular values, whih we parameterize
by ηn:
Cc(t, t
′) =
∑
n
√
1− ηn ·Ψ(out)∗n (t)Ψ(in)n (t′) (24a)
Cd(z, z
′) =
∑
n
√
1− ηn · Φ(out)∗n (z)Φ(in)n (z′) (24b)
Sc(t, z
′) =
∑
n
√
ηn ·Ψ(out)∗n (t)Φ(in)n (z′) (24)
Sd(z, t
′) =
∑
n
√
ηn · Φ(out)∗n (z)Ψ(in)n (t′). (24d)
The readout modes Ψ
(out)
n (t), Φ
(out)
n (z), Ψ
(in)
n (t) and
Φ
(in)
n (z) form orthonormal bases in the intput/output,
light and atomi modefuntion spaes:∫ T
−T
dtΨ(in)∗n (t) ·Ψ(in)m (t) = δn,m∫ L
0
dz Φ(in)∗n (z) · Φ(in)m (z) = δn,m∫ T
−T
dtΨ(out)∗n (t) ·Ψ(out)m (t) = δn,m∫ L
0
dz Φ(out)∗n (z) · Φ(out)m (z) = δn,m.
(25)
We use these funtions as mode bases in respetive spaes
and deompose the annihilation operators cˆ(0, t), cˆ(L, t),
dˆ(z,−T ) and dˆ(z, T ):
cˆ(0, t) =
∑
n
cˆ(in)n Ψ
(in)∗
n (t) (26a)
cˆ(L, t) =
∑
n
cˆ(out)n Ψ
(out)∗
n (t) (26b)
dˆ(z,−T ) =
∑
n
dˆ(in)n Φ
(in)∗
n (z) (26)
dˆ(z, T ) =
∑
n
dˆ(out)n Φ
(out)∗
n (z). (26d)
Where we have introdued annihilation operators of the
input and output harateristi modes cˆ
(in)
n , dˆ
(in)
n , cˆ
(out)
n
and dˆ
(out)
n . Again, it turns out that the output opera-
tors cˆ
(out)
n and dˆ
(out)
n are independent bosoni operators.
Same is true for input operators cˆ
(in)
n and dˆ
(in)
n .
These operators annihilate exitations of modes that
undergo transformations analogous to a beamsplitter
transformation:
cˆ(out)n =
√
1− ηn cˆ(in)n +
√
ηn dˆ
(in)
n (27a)
dˆ(out)n =
√
1− ηn dˆ(in)n −
√
ηn cˆ
(in)
n . (27b)
The real parameters ηn have the meaning of the readout
eieny. Modes with ηn = 1 are ompletely translated
from the atomi eld into the optial eld while spatial
modes with ηn = 0 remain unaeted by the anti-Stokes
sattering proess.
We have numerially found forms for the Green fun-
tions dened in Eq. (23) for similar onditions used to
alulate the Raman proess in earlier setions. Results
are rst presented for the ase of a medium of length
L = 75mm with zero group veloity dierene ∆β′,
various oupling strengths g′0 and Gaussian pump pulse
A′p(z, t) of FWHM duration τ
′
p = 200 ps given in Eq. (14).
In Fig. 10 we plot the alulated ηn. It an be seen that
above a ertain value of oupling g′0, many modes have
unit readout eieny ηn = 1, i.e. are ompletely trans-
lated into the optial eld. Those modes are degenerate,
thus within a subspae spanned by their mode funtions
we an hange the basis, i.e. the modal funtions, with-
out aeting relations (27).
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FIG. 10: Readout e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y ηn for the most eiently read
modes in anti-Stokes sattering pro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Let us fous on the ase that the readout takes plae
just following the Raman sattering proess desribed in
earlier setions; in this ase dˆ(z,−T ) is given by the out-
put operator bˆ(z, T ) in Eq. (8):
dˆ(z,−T ) = ei∆k z bˆ(z, T ) (28)
where∆k is the wavevetor mismath in the time-delayed
four-wave mixing proess:
∆k = kp − ks + ka − kp′ , (29)
where subsript p, p′, s, a denote Stokes pump and anti-
Stokes pump, Stokes and anti-Stokes signal waves respe-
tively. For eient readout the phase-mathing ondition
∆k = 0 must be satised. Below we will assume perfet
phasemathing. It is possible to satisfy this by proper
hoie of pump frequenies.
Using the expansions (11) and (26) we nd that the
harateristi anti-Stokes input operators dˆ
(in)
n are re-
lated to the harateristi Stokes output operators bˆ
(out)
n
by an unitary transformation expressing the hange of
basis from φ
(out)
n (z) to Φ
(in)
n (z):
dˆ(in)m =
∑
n
Umnbˆ
(out)
n (30)
where the transformation oeients are:
Umn =
∫ L
0
dz φ(out)∗n (z)e
−i∆kz · Φ(in)m (z). (31)
Let us onsider the readout of the rst harateristi
atomi mode of the Stokes sattering φ
(out)
1 (z) whose
quantum statistis, before the readout, is ontained in
the operator bˆ
(out)
1 . It an be deomposed in the hara-
teristi anti-Stokes input mode base Φ
(in)
n (z), aording
to the above formulas. The readout has unit eieny if
the atomi mode φ
(out)
1 (z) deomposes only into readout
harateristi input modes Φ
(in)
n (z) for whih ηm = 1. In
other words, if for all m for whih Um1 6= 0 the read-
out eienies ηm equal one, then the readout has unit
eieny.
There is however a more straightforward way to ana-
lyze a readout of an exitation in a partiular mode. As-
suming perfet phase mathing, ∆k = 0, so dˆ(z,−T ) =
bˆ(z, T ) we substitute input atomi operator dˆ(z,−T ) in
Eq. (23) by bˆ(z, T ) in an expanded form given by Eq. (11):
cˆ(L, t) =
∑
n
σ∗n(t)bˆ
(out)
n +
∫ T
−T
dt′Cc(t, t
′)cˆ(0, t′) (32a)
dˆ(z, T ) =
∑
n
ε∗n(z)bˆ
(out)
n −
∫ T
−T
dt′Sd(z, t
′)cˆ(0, t′) (32b)
where we have introdued mode funtions
σ∗n(t) =
∫ L
0
dz′ Sc(t, z
′)φ(out)∗n (z
′) (33a)
ε∗n(z) =
∫ L
0
dz′Cd(z, z
′)φ(out)∗n (z
′). (33b)
The equations (32) give yet another modal deomposition
of the output atomi and light elds. However this time
the modal funtions: σ∗n(t), Cc(t, t
′), ε∗n(z) and Sd(z, t
′)
form othonormal bases in the joint atom-light spae:∫ T
−T
dt σ∗n(t)σm(t) +
∫ L
0
dz ε∗n(z)εm(z) = δmn (34a)∫ T
−T
dt σ∗n(t)Cc(t, t
′)−
∫ L
0
dz ε∗n(z)Sd(z, t
′) = 0. (34b)
This is a onsequene of unitarity of the relations (23)
(see also Appendix B).
Usually we want statistis of some partiular atomi
mode, say φ
(out)
1 (z), to be ompletely transferred into
an optial eld mode. This requirement is equivalent
to requesting ε1(z) = 0 for every z, so that dˆ(z, T ) in
Eq. (32b) ontains only zero-point, vaum noise repre-
sented by cˆ(0, t′). The output light mode σ1(t) an be
omputed in advane and detetion apparatus tuned to
it. Note, that if the transfer is omplete the z integrals
ontaining ε1(z) vanish in Eq. (34). It follows that all
other output eld modes must be orthogonal to σ1(t). In
other words no rosstalk ours, i.e. the polarization in
any other atomi mode does not give rise to any photons
in the optial eld mode σ1(t) we are presumably tuned
to. This does not prevent emission into other optial
modes, however.
Therefore the readout problem an be redued to a
question of how to prepare the readout pump pulse in
suh a way that the atomi polarization of interest, say in
mode φ
(out)
1 (z), is ompletely transferred into the optial
eld.
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FIG. 11: Fration of residual atomi polarization 1 − η not
transferred to an optial eld after the anti-Stokes sattering
proess as a funtion of the readout oupling g0 [(psmm)
−1/2].
Results for three group veloity dierenes ∆β′ equal 0 (solid
line), −10 ps/mm (dashed line) and −30 ps/mm (dotted line)
are displayed.
We investigated this by simulating readout of an
atomi mode φ
(out)
1 (z) in an anti-Stokes interation. Cal-
ulations were arried out for a medium of length L =
75mm for various values of group veloity dierenes,
assuming ∆β = ∆β′. For eah partiular value of this
parameter, we have rst omputed the mode funtion
of the fundamental atomi output mode φ
(out)
1 (z) in a
way desribed in Se. III, with the Stokes oupling suh
that the total mean number of exitations 〈N
tot
〉 = 106.
Next we have simulated the anti-Stokes sattering of this
partiular atomi mode for various anti-Stokes oupling
strengths g′0 and Gaussian pump A
′
p(z, t) of FWHM du-
ration τ ′p = 200 ps given in Eq. (14). We have quantied
the quality of the readout by omputing the residual fra-
tion of atomi polarization after the readout
1− η =
∫ L
0
dz|ε1(z)|2 (35)
The results are shown in Fig. 11. One an see that for
zero group veloity dierene 1− η rapidly falls with in-
reasing oupling g′0 as predited in [9℄. The readout is
virtually perfet for g′0 > 0.04 (psmm)
−(1/2)
. However
for nonzero ∆β′ the residual atomi polarization is of
the order of at least a perent. The readout ineieny
1 − η beomes a periodi funtion of oupling g′0. The
period inreases with inreasing ∆β′, and the partiular
optimal values of g′0 depend on the parameters of the
readout proess as well as the initial atomi exitation
mode funtion φ
(out)
1 (z).
In Fig. 12 we plot the output eld modes σ1(t) obtained
in the readout simulations. In ase of homodyne dete-
tion of the output of the anti-Stokes readout proess,
those would be the optimal loal osillator shapes. For
zero group veloity dierene ∆β′ = 0 we observe that
the output eld mode beomes shorter with inreasing
g′0. For nonzero ∆β
′
the mode shapes σ1(t) orrespond-
ing to the subsequent minima of the funtion 1 − η(g′0)
depited in the Fig. 11 show inreasing number of nodes.
The physis behind the readout proess an be in-
tuitively understood if one notes that integrating the
propagation equations (21) over a spatiotemporal region
2∆z × 2∆t where the elds are almost onstant gives a
simple beamsplitter-like relation between input and out-
put elds:
cˆ(z +∆z, t) =cˆ(z −∆z, t)
√
1− |γ|2 + γdˆ(z, t−∆t)
√
∆z√
∆t
dˆ(z, t+∆t) =dˆ(z, t−∆t)
√
1− |γ|2 − γ∗cˆ(z −∆z, t)
√
∆t√
∆z
(36)
where γ = 2g′0A
′
p(z, t)
√
∆z∆t. Therefore we an visual-
ize the sattering proess as a square network of virtual
beamsplitters, eah having dierent reetivity
√
γ. In
Fig. 13 we represent the pumping intensity A′p(z, t) and
the beams representing atomi polarization and optial
eld, whih propagate in above mentioned network.
For zero group veloity dierene and a nearly expo-
nential input atomi mode φ
(out)
1 (z) (see Fig. 7a) the anti-
Stokes eld grows with z sweeping the major part of the
atomi polarization out of the ell. At eah z along the
pump beam, where the virtual beamsplitters mix atomi
polarization and anti-Stokes light the ondition of sup-
pressing the atomi output dˆ(z, t)
√
1− |γ|2 = γ∗cˆ(z, t) is
met, sine the anti-Stokes and atomi polarization both
grow exponentially with z. For small group veloity dif-
ferene ∆β′ = −10 ps/mm, the input atomi polarization
has a maximum inside the ell and the anti-Stokes sat-
tering proess rst shifts the atomi exitation into the
eld, but at some point the proess is partially reversed
and the atomi polarization, albeit shifted towards the
end of the ell, partially remains within it. The atomi
input mode shape is not proper to ahieve suppression
of the atomi output polarization whih ourred in the
ase of the of vanishing dispersion. Finally, for the largest
group veloity dierene ∆β′ = −30 ps/mm, the initial
atomi mode shape plays a minor role, sine the sat-
tering proesses in various parts of the ell are nearly
independent from eah other, beause there is no light
onneting them. This is why the residual fration of the
atomi polarization an be smaller for larger∆β′ as found
in the numerial alulations and depited in Fig. 11.
We explain the osillations of readout eieny 1−η as
a funtion of oupling g′0 found in numerial alulations
and plotted in Fig. 11 in the following way. We investi-
gate in detail the sattering in a small part of the pumped
region, shown in Fig. 13d. As soon as the atomi polar-
ization reahes the pumped region, it is onverted into an
anti-Stokes wave within a small period of time. Released
light propagates along the horizontal arrow, however soon
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FIG. 12: Readout anti-Stokes light modes σ1(t) for fundamental atomi Stokes modes φ
(out)
1 (z) for various group veloity
dierene ∆β = ∆β′ and oupling strengths orresponding to readout eieny peaks for nonzero ∆β′ (ompare Fig. 11).
Solid, dashed and dotted lines orrespond respetively to subsequent values of g′0, listed below eah panel.
it is onverted bak into atomi polarization. The exi-
tation exhange ontinues until the atomi polarization
or light leaves the pumped region. Sine the period of
osillations hanges with the pumping intensity, we ob-
serve in the end either exitation form alternately. In
partiular for some pumping intensities the osillations
stop just when the exitations are stored in light, whih
orresponds to the maximum readout eieny η. This
senario is onrmed by the numerial simulations for
high pumping intensity. It an be also obtained from an
analytial solution of Eq. (21) rewritten in the pump ref-
erene frame under assumption that the quantum elds
FIG. 13: Pitorial representation of the anti-Stokes sattering
for zero group veloity dierene ∆β′ (a), medium value of
∆β′ (b) and high negative ∆β′ ≪ −τp/L (). The grey box
represents the spatio-temporal region of interation, the dark
grey (red in olor) stripe is the pumped region, the horizontal
(green) arrows are the anti-Stokes emission, while the vertial
(blue) arrows represent atomi polarization. The piture is
drawn in the anti-Stokes referene frame. Panel (d) gives
insight into osillatory exhange of exitation between light
and atoms.
do not depend on z in this referene frame.
VI. CONCLUSION
In summary, we have analyzed the Stokes and anti-
Stokes sattering proesses under transient pumping on-
ditions and in presene of group veloity dierene be-
tween the interating waves in the non-saturated regime.
Using Bloh-Messiah redution [21℄ we onrm previous
onjeture [9℄ that the Stokes sattering proess an be
deomposed into multiple independent squeezers. Eah
of them entangles atoms and eld, both in harateristi
input modes ψ
(in)
n (t) and φ
(in)
n (z), into a pair of quantum-
orrelated states oupying harateristi output modes
ψ
(out)
n (t) and φ
(out)
n (z). We ompute those modes and
their oupanies 〈nˆn〉 for a few realisti ases. We nd
that with inreasing group veloity dierene between the
pump and Stokes waves, the sattering proess involves
an inreasing number of modes whih beome ompara-
bly squeezed and oupied. This is also reeted in the
photon-ount statistis we ompute, whih hanges from
single-mode thermal statistis in the ase of no group
veloity dierene, into multimode thermal statistis.
Next, we onsider reading out the atomi polarization
in the anti-Stokes sattering proess. We show that in
general the readout an be deomposed into multiple in-
dependent beam-splitter like transformations. Eah of
them mixes the statistis ontained in a pair of har-
ateristi input eld Ψ
(in)
n (t) and atomi Φ
(in)
n (z) modes,
produing two harateristi output modes eld Ψ
(out)
n (t)
and atomi Φ
(out)
n (z). This fat stems from the preserva-
tion of the total number of exitations during the anti-
Stokes sattering.
However, when the anti-Stokes sattering is applied to
reading out an atomi polarization in a partiular mode,
this onsideration an be muh simplied. We show un-
der what onditions the readout proess is suessful in
translating the atomi statistis into the eld. It turns
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out that eient readout is possible for wide range of
group-veloity dierenes, however usually the pumping
intensity must be preisely ontrolled. Also it turns out
that one the readout is suessful, it translates a given
atomi mode into a predetermined eld mode, and the
latter is unsullied by statistis of any other atomi modes.
Let us note that the equations governing Stokes and
anti-Stokes sattering have losed-form anlytial solu-
tions [5℄ in the limit of vanishing dispersion. In this limit
modal deomposition an be obtained by a single-step nu-
merial diagonalization of the analytial eld and atomi
orrelation funtions [9℄.
Finally let us remark, that our treatment applies to
the ase of writing a weak quantum signal into an atomi
medium [12, 14, 29, 30, 31℄.
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APPENDIX A: DERIVATION OF THE
NONDEGENERATE REDUCTION THEOREM
The Bloh-Messiah redution has been derived for a
general ase of a monolithi quantum system [21℄. The
original theorem omprises derivation of a modal expan-
sion of the system quantum eld operator, whose appli-
ation redues given output-input relations into a set of
parallel single-mode squeezing transformations.
However, in the partiular ase of Raman sattering
proess two distint types of operators exist  those
labelled by spae and those labelled by time. In this
ase, a fruitful extension of this theorem an be made. A
natural division into atomi and light subsystems whih
are separated before and after interation is utilized for
this. These subsystems play symmetri roles in the pro-
ess. This is a ruial fat we will employ to speify a
partiular form of Bloh-Messiah redution in the non-
degenerate ase. Below we will show how to introdue
separate modal expansions for the atomi and light sub-
systems and ast the input-output relations into parallel
two-mode squeezing transformations.
We start our generalization of the Bloh-Messiah re-
dution theorem by rst reduing the number of atomi
and light modes involved in the interation to a nite
number, so that we an use the original form of the
theorem [21℄. This is easily done when one notes that
the funtions appearing in our onsiderations an be ap-
proximated with any hosen auray on a disrete grid.
Therefore we disretize the spatial-temporal region in
whih the interation ours by introduing sets of points
in time {tn} and spae {zn} and restriting ourselves to
the retangular grid spanned by this set. Then we an
introdue the input and output vetors:
~ˆa
in,n = aˆ(0, tn) ~ˆaout,n = aˆ(L, tn)
~ˆ
b
in,n = bˆ(zn,−T ) ~ˆbout,n = bˆ(zn, T ) (A1)
the Green matries:
Can,m = Ca(tn, tm) Cbn,m = Cb(zn, zm)
San,m = Sa(tn, zm) Sbn,m = Sb(zn, tm) (A2)
and the harateristi mode vetors:
~ψ
(in)
k,n = ψ
(in)
k (tn)
~ψ
(out)
k,n = ψ
(out)
k (tn)
~φ
(in)
k,n = φ
(in)
k (zn)
~φ
(out)
k,n = φ
(out)
k (zn) (A3)
whih allow for asting the equation (8) into a matrix
form: [
~ˆa
out
~ˆ
b
out
]
=
[
Ca 0
0 Cb
]
︸ ︷︷ ︸
C
[
~ˆa
in
~ˆ
b
in
]
+
[
0 Sa
Sb 0
]
︸ ︷︷ ︸
S
[
~ˆa†
in
~ˆ
b†
in
]
. (A4)
where the olumn vetors are onatenations of their
omponents, and we dened blok-matries C and S.
Sine the atomi and light subsystems play a symmet-
ri role in the proess, the C ommutes with matrix O
dened in the following way
O =
[
i 0
0 −i
]
(A5)
while for S the following holds: OS = SO†.
The equation (A4) is a Bogoliubov transformation,
thus the Bloh-Messiah redution an be applied [21℄ to
C and S and we an express them in deomposed form:
C =
∑
k
cosh ζk
[
~ψ
(out)
k ,
~φ
(out)
k
]† [
~ψ
(in)
k ,
~φ
(in)
k
]
(A6)
S =
∑
k
sinh ζk
[
~ψ
(out)
k ,
~φ
(out)
k
]† [
~ψ
(in)
k ,
~φ
(in)
k
]∗
(A7)
where [~ψ
(out)
k ,
~φ
(out)
k ] and [
~ψ
(in)
k ,
~φ
(in)
k ] are left and right
eigenvetors (output and input eigenmodes), dened as
onatenation of respetive omponent vetors, ζn are
real numbers. Here † denotes transposition and omplex
onjugation. By denition of singular value deomposi-
tion [28℄ the singular vetors obey the following relations:
C
[
~ψ
(in)
k ,
~φ
(in)
k
]†
= cosh ζk
[
~ψ
(out)
k ,
~φ
(out)
k
]†
(A8)
C
†
[
~ψ
(out)
k ,
~φ
(out)
k
]†
= cosh ζk
[
~ψ
(in)
k ,
~φ
(in)
k
]†
(A9)
multiplying both equations by O from the left and using
CO = OC shows, that if [~ψ
(out)
k ,
~φ
(out)
k ] and [
~ψ
(in)
k ,
~φ
(in)
k ]
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are left and right eigenvetors, then [i ~ψ
(out)
k ,−i~φ(out)k ] and
[i ~ψ
(in)
k ,−i~φ(in)k ] also satisfy the above relations, and thus
by denition of SVD are left and right eigenvetors of
C. Therefore in the summation (A6) we an group those
vetors together, obtaining:
C =
∑
k
cosh ζk
([
~ψ
(out)
k ,
~φ
(out)
k
]† [
~ψ
(in)
k ,
~φ
(in)
k
]
+
[
i ~ψ
(out)
k , −i~φ(out)k
]† [
i ~ψ
(in)
k , −i~φ(in)k
])
=
∑
k
cosh ζk
[
~ψ
(out)†
k
~ψ
(in)
k 0
0 ~φ
(out)†
k
~φ
(in)
k
]
(A10)
Whih shows that in eah term of the singular value de-
omposition of C the o-diagonal elements vanish. Ap-
plying analogous transformation to the summation (A7)
it an be onrmed that the same property holds for
S. These statements are the ontent of our extension
of Bloh-Messiah redution. They allow for expressing
the bloks of C as in Eq. (9a) and (9b) in the text, and
bloks of S as in Eq. (9) and (9d).
APPENDIX B: PROOF OF DECOMPOSITION
INTO BEAMSPLITTER TRANSFORMATIONS
Analogously to Appendix A we begin by disretizing
the annihilation operators
~ˆc
in,n = cˆ(0, tn) ~ˆcout,n = cˆ(L, tn)
~ˆ
d
in,n = dˆ(zn,−T ) ~ˆdout,n = dˆ(zn, T ) (B1)
the Green matries:
Ccn,m = Cc(tn, tm) Cdn,m = Cd(zn, zm)
Scn,m = Sc(tn, zm) Sdn,m = Sd(zn, tm) (B2)
and the harateristi mode vetors:
~Ψ
(in)
k,n = Ψ
(in)
k (tn)
~Ψ
(out)
k,n = Ψ
(out)
k (tn)
~Φ
(in)
k,n = Φ
(in)
k (zn)
~Φ
(out)
k,n = Φ
(out)
k (zn) (B3)
Next, let us rewrite Eq. (23) in a matrix form:[
~ˆc
out
~ˆ
d
out
]
=
[
Cc Sc
−Sd Cd
]
︸ ︷︷ ︸
U
[
~ˆc
in
~ˆ
d
in
]
(B4)
For the energy to be onserved in the anti-Stokes satter-
ing proess, the underbraed matrix U must be unitary
[
Cc Sc
−Sd Cd
] [
C†c −S†d
S†c Cd†
]
=
[
C†c −S†d
S†c Cd†
] [
Cc Sc
−Sd Cd
]
=
[
1 0
0 1
]
(B5)
therefore eight equations onstrain the Green matries.
Let us rst fous on the diagonal parts of the produt.
The ondition CcC
†
c + ScS
†
c = 1 means that matries
CcC
†
c and ScS
†
c ommute, therefore CcC
†
c and ScS
†
c have
the same eigenvetors. This in turn imposes the ondi-
tion that the left singular vetors of Cc and Sc are the
same. By analyzing the remaining equations ontained in
the diagonal portion of Eq. (B5) we onlude that the sin-
gular vetors are shared between Green funtions. Thus
we an speify their singular value deompositions:
Cc =
∑
n
αn~Ψ
(out)∗
n
~Ψ(in)Tn Cd =
∑
n
βn~Φ
(out)∗
n
~Φ(in)Tn
Sc =
∑
n
γn~Ψ
(out)∗
n
~Φ(in)Tn Sd =
∑
n
δn~Φ
(out)∗
n
~Ψ(in)Tn .
(B6)
Let us note that all the singular values an be always
made real, by transferring the phase fator into the as-
soiated singular vetors. Inserting these Green matries
in the above form into Eq. (B5) yields, that for every n
the matrix built from the eigenvalues
Un =
[
αn γn
−δn βn
]
(B7)
must be unitary. But any real unitary 2x2 matrix has
the form
[
αn γn
−δn βn
]
=
[
cos θn sin θn
− sin θn cos θn
]
(B8)
where θn is a real angle. Inserting the singular values in
the above form into Eq. (B6) and replaing sin θn =
√
ηn
we get Eq. (24).
[1℄ M. D. Lukin, Rev. Mod. Phys. 75, 000457 (2003).
[2℄ L.-M. Duan, M. D. Lukin, J. I. Cira, and P. Zoller, Na-
ture 414, 413 (2001).
[3℄ A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[4℄ C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa,
A. Peres, and W. K. Wootters, Phys. Rev. Lett. 70, 1895
(1993).
[5℄ M. G. Raymer and J. Mostowski, Phys. Rev. A 24, 1980
(1981).
[6℄ M. G. Raymer, I. A. Walmsley, J. Mostowski, and
14
B. Sobolewska, Phys. Rev. A 32, 332 (1985).
[7℄ L.-M. Duan, J. I. Cira, P. Zoller, and E. S. Polzik, Phys.
Rev. Lett. 85, 5643 (2000).
[8℄ B. Julsgaard, A. Kozhekin, and E. S. Polzik, Nature 413,
400 (2001).
[9℄ M. G. Raymer, J. Mod. Opt. 51, 1739 (2004).
[10℄ T. C. Ralph, Phys. Rev. A 61, 010303 (2000).
[11℄ S. L. Braunstein and H. J. Kimble, Phys. Rev. Lett. 80,
869 (1998).
[12℄ A. E. Kozhekin, K. Molmer, and E. Polzik, Phys. Rev. A
62, 033809 (2000).
[13℄ C. Chou, S. Polyakov, A. Kuzmih, and H. J. Kimble,
Phys. Rev. Lett. 92, 213601 (2004).
[14℄ M. D. Eisaman, L. Childress, A. André, F. Massou, A. S.
Zibrov, and M. D. Lukin, Phys. Rev. Lett. 93, 233602
(2004).
[15℄ D. Felinto, C. W. Chou, H. de Riedmatten, S. V.
Polyakov, and H. J. Kimble, Phys. Rev. A 72, 053809
(2005).
[16℄ M. Belsley, D. T. Smithey, K. Wedding, and M. G.
Raymer, Phys. Rev. A 48, 1514 (1993).
[17℄ M. Fleishhauer and M. D. Lukin, Phys. Rev. Lett. 84,
5094 (2000).
[18℄ D. F. Phillips, A. Fleishhauer, A. Mair, R. L.
Walsworth, and M. D. Lukin, Phys. Rev. Lett. 86, 783
(2001).
[19℄ A. Dantan and M. Pinard, Phys. Rev. A 69, 043810
(pages 8) (2004).
[20℄ M. Fleishhauer and M. D. Lukin, Phys. Rev. A 65,
022314 (2002).
[21℄ S. L. Braunstein, Phys. Rev. A 71, 055801 (2005).
[22℄ M. Raymer and I. Walmsley, The Quantum Coher-
ene Properties of Stimulated Raman Sattering (North-
Holland, Amsterdam, 1990), vol. 28 of Progress in Optis,
pp. 181270.
[23℄ I. Walmsley and M. Raymer, Phys. Rev. Lett. 50, 962
(1983).
[24℄ M. G. Raymer, K. Rzazewski, and J. Mostowski, Opt.
Lett. 7, 71 (1982).
[25℄ S. J. Kuo, D. T. Smithey, and M. G. Raymer, Phys. Rev.
A 91, 4083 (1991).
[26℄ W. Ji, C. Wu, and M. G. Raymer, (unpublished).
[27℄ M. G. Raymer, Z. W. Li, and I. A. Walmsley, Phys. Rev.
Lett. 63, 1586 (1989).
[28℄ G. H. Golub and C. F. V. Loan, Matrix Computations
(The Johns Hopkins University Press, Baltimore, 1996).
[29℄ J. Nunn, I. A. Walmsley, and M. G. Raymer, (unpub-
lished).
[30℄ C. Shori, B. Julsgaard, J. L. Sorensen, and E. S. Polzik,
Phys. Rev. Lett. 89, 057903 (pages 4) (2002).
[31℄ L. M. Duan, J. I. Cira, and P. Zoller, Phys. Rev. A 66,
023818 (2002).
[32℄ The singular value deomposition is, espeially in ase of
deomposing wavefuntion of bipartite system Ψ(z, z′),
better known as a Shmidt deomposition. For a review of
this algebrai representation of an arbitrary retangular
matrix, see [28℄.
